Abstract. In this paper, we decompose the curvature tensor (field) on the Abbena-Thurston manifold into three curvature-like tensor fields, and investigate geometric properties.
Introduction
Let (V, < , >) be an n-dimensional real inner product space. In section 2, we introduce the notion of a curvature-like tensor of type (1, 3) on (V, < , >). We put L(V ) := {L | L is a curvature − like tensor on (V, < , >)}, L 1 (V ) := {L ∈ L(V ) | L(u, v) = c u ∧ v for u, v ∈ V and some c ∈ R},
Then L(V ) is decomposed into the orthogonal direct sum
are given in terms of the Ricci tensor Ric L and the scalar curvature S L of L (cf. Lemma 2.1).
In this paper, using Lemma 2.1 we decompose the curvature tensor (field) on the Abbena-Thurston manifold (cf. section 3.1) into three curvature-like tensor fields. Geometric properties on low-dimensional manifolds (Heisenberg group, Abbena-Thurston manifold etcetera) have been studied by many mathematicians ( [1, 3, 4] ). Now, let K be the curvature tensor (field) on the Abbena-Thurston manifold, and K = K (1) + K ω + K (2) the orthogonal decomposition of the curvature tensor K corresponding to
where (G/Γ, g) is the Abbena-Thurston manifold, and O := {Γ} (cf. section 3.1). Let {e i } 4 i=1 be an (globally defined) orthonormal frame on the Abbena-Thurston manifold (G/Γ = M, g). The main results in this paper are as follows.
Theorem 3.1. The Weyl tensor K ω (resp. the curvature-like tensor
) is given as follows: (resp. K (1) (e i , e j ) = −1 24 e i ∧ e j (i, j = 1, ..., 4)).
Theorem 3.2. The Ricci tensor Ric (2) (resp. Ric (1) ) of the curvaturelike tensor K (2) (resp. K (1) ) appeared in the invariant curvature tensor field K = K (1) + K ω + K (2) on the Abbena-Thurston manifold (M, g) is given as follows: (2) of the curvature-like tensor K (2) appeared in the invariant curvature tensor field K = K (1) + K ω + K (2) on the Abbena-Thurston manifold (M, g) is estimated as follows:
Preliminaries
Let (V, < , >) be an n-dimensional real inner product space and gl(V ) the vector space of all endomorphisms of V . We denote by L(V ) the vector space of all tensors of type (1, 3) on V which satisfy the following properties:
From now on, let {e i } n i=1 be an orthonormal basis of (V, < , >). The Ricci tensor Ric L of type (0, 2) with respect to a curvature-like tensor L on V is defined by
The Ricci tensor Ric L of type (1, 1) with respect to L ∈ L(V ) is defined by
In general, the inner product < , > on L(V ) is defined by
Here v ∧ w is an element of gl(V ) which is defined by
We put
where L (v, w) = c v ∧ w for some c ∈ R. From (2.12), we obtain the following:
we get the orthogonal direct sum decomposition of L(V ) as follows:
Putting together the results above, we obtain the following (cf. [2, Chapter 5]).
(2.14)
Moreover from straightforward computations we get
Thus the proof of Lemma 2.1 is completed. 
i.e., G is the product of the Heisenberg group H and S 1 . Let Γ be the discrete subgroup of G with integer entries and M := G/Γ. Denote x, y, z, t coordinates on G, say for A ∈ G, x(A) = a 12 , y(A) = a 13 , z(A) = a 23 , t(A) = a. If L B is the left translation by B ∈ G, we have
where L B * ω is the pull back of ω ∈ X(G) * by L B . Here dx, dy, dz − xdy, dt are linearly independent and invariant under the action of G. In particular, these forms are invariant under the action of Γ; let π : G → M be the canonical projection, then there exist 1-forms α 1 , α 2 , α 3 and α 4 on M such that
Therefore the α i (i = 1, ..., 4) are linearly independent and globally defined on M . Setting Ω = α 4 ∧ α 1 + α 2 ∧ α 3 , we see that Ω ∧ Ω = 0 and dΩ = 0 on M giving M a symplectic structure. On G, the vector fields
are dual to dx, dy, dz − xdy, dt and are left invariant. Moreover,
is orthonormal with respect to the left invariant metric on G given by
On M , the corresponding metric is g = i α i ⊗ α i . The Riemannian manifold (M, g) is referred to as the Abbena-Thurston manifold.
The Ricci tensor field and the scalar curvature on the Abbena-Thurston manifold
We retain the notation as in section 3.1. In this section, we calculate the Ricci tensor field and the scalar curvature on the Abbena-Thurston manifold (M = G/Γ, g).
These calculations will be done on the Riemannian manifold (G = H × S 1 , π * g = i θ ⊗ θ). In fact because M is a homogeneous space, the curvature is the same in all its points, and M is locally isomorphic to G.
In general, the Riemannian connection ∇ on a Riemannian manifold (N, h) is defined as follows:
The Ricci tensor Ric of type (0,2) on (N, h) is defined by
Here R is the curvature tensor field on (N, h) which is defined by
From now on, let ∇ be the Riemannian connection on (G, π * g) and K the curvature tensor field on (G, π * g). For i, j with i ≤ j (i, j = 1, ..., 4), we get from (3.3) (3.8) [e 1 , e 2 ] = e 3 , and the other [e i , e j ] = 0.
For i, j with i ≤ j (i, j = 1, ..., 4), we obtain from (3.3), (3.5) and (3.8)
By the help of (3.7), (3.8) and (3.9), we obtain (3.10)
where K ijkl = (π * g)(K(e i , e j )e k , e l ). By (2.3) and (3.10), the Ricci tensor field Ric of type (0,2) on (G, π * g) is given as follows:
Ric(e 1 , e 1 ) = Ric(e 2 , e 2 ) = −1 2 , Ric(e 3 , e 3 ) = 1 2 , and the other Ric(e i , e j ) = 0.
Ric(e i , e i )) be the scalar curvature on (G, π * g). Then from (3.11) we have (3.12)
A decomposition of the curvature tensor field on (M = G/Γ, g)
We retain the notation as in section 3.1, 3.2 and 3.3. For the sake of convenience, we use the following notations:
e := (the identity matrix ∈ GL(4; C)), V := T e (G),
Then, we get the orthogonal direct sum decomposition of L(V ) as follows:
Since the Abbena-Thurston manifold (M = G/Γ, g) is locally isomorphic to (G, π * g), necessary calculations for a decomposition of the (invariant) curvature tensor field K on (M = G/Γ, g) will be done on (G, π * g).
The (invariant) curvature tensor K at {Γ} of the Abbena-Thurston manifold (M = G/Γ, g) is uniquely decomposed as (3.13 
The curvature-like tensor K ω appeared in (3.13) is said to be the Weyl tensor (f ield) of the invariant curvature tensor field K on (M, g). We denote by Ric the Ricci tensor field of type (1,1) on (M, g). From (3.11) we have
By the help of (3.12), (3.14) and Lemma 2.1, we get Theorem 3.1. The Weyl tensor K ω (resp. the curvature-like tensor
We denote by Ric (2) (resp. Ric (1) ) the Ricci tensor (of type (0,2)) of the curvature-like tensor K (2) (resp. K (1) ) appeared in the invariant curvature tensor field K = K (1) + K ω + K (2) on (M, g). Then, from (3.12), (3.14) and Lemma 2.1, we get Theorem 3.2. The Ricci tensor Ric (2) (resp. Ric (1) ) of the curvaturelike tensor K (2) (resp. K (1) ) appeared in the invariant curvature tensor field K = K (1) + K ω + K (2) on the Abbena-Thurston manifold (M, g) is given as follows:
Ric
(2) (e 1 , e 1 ) = Ric (2) (e 2 , e 2 ) = −3 8 , Ric (2) (e 3 , e 3 ) = 5 8 ,
(2) (e 4 , e 4 ) = 1 8 , and the other Ric (2) (e i , e j ) = 0, (resp. Ric (1) (e i , e i ) = −1 8 (i = 1, ..., 4), and the other Ric (1) (e i , e j ) = 0).
In general, the Ricci curvature r of a Riemannian manifold (N, h) with respect to a nonzero vector v ∈ T N is defined by
, and a manifold of constant Ricci curvature, (i.e., Ric = cg for some constant c), is called an Einstein manifold. From Theorem 3.2, we obtain Corollary 3.3. The Ricci curvature r (2) of the curvature-like tensor K (2) appeared in the invariant curvature tensor field K = K (1) + K ω + K (2) on the Abbena-Thurston manifold (M, g) is estimated as follows:
−3 8 = r (2) (e 1 ) = r (2) (e 2 ) ≤ r (2) ≤ r (2) (e 3 ) = 5 8 .
